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Abstract
In this paper we consider a singularly perturbed elliptic model problem with two small parameters posed on the unit square. The
problem is solved numerically by the ﬁnite element method using piecewise linear or bilinear elements on a layer-adapted Shishkin
mesh. We prove that method with bilinear elements is uniformly convergent in an energy norm. Numerical results conﬁrm our
theoretical analysis.
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1. Introduction
In this paper, we consider a ﬁnite element method for the following singularly perturbed elliptic two-parameter
problem posed on the unit square  = (0, 1) × (0, 1)
Lu := −1u + 2b(x)ux + c(x)u = f (x, y) in ,
u = 0 on , (1)
b(x)> 0, c(x)> 0 for x ∈ [0, 1], (2)
where 0< 1, 2>1 and  and  are constants. We assume that b, c and f are sufﬁciently smooth functions and that f
satisﬁes the compatibility conditions
f (0, 0) = f (0, 1) = f (1, 0) = f (1, 1) = 0. (3)
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Under these assumptions there exists a classical solution u of the boundary value problem (1) such that u ∈ C3,(¯)
for  ∈ (0, 1), [11]. We also assume that 2 is small enough to have
c(x) − 12 2b′(x)0 > 0, (4)
for some constant 0. The problem (1) is characterized by regular layers at x = 0 and x = 1, parabolic layers at
characteristic boundaries y = 0 and y = 1, and corner layers at four corners of the domain. The width of regular layers
depends on the relation between 1 and 2.
Note that when 2 is very small, the condition b(x)> 0 in (2) might be too strong, but its elimination would require
a deep analysis concerning the solution decomposition. For the simplicity and presentation of the uniﬁed analysis in
all cases, we will use the assumption b(x)> 0.
When 2 = 0 Eq. (1) reduces to the reaction–diffusion problem. With 2 = 1 in (1), we have a convection–diffusion
problem with characteristic boundaries. Numerical methods for solving this problem are considered in [3,18,28], for
example. In this paper we offer a uniﬁed treatment for all possible classes of subproblems when 0< 2>1, for arbitrary
relations between 1 and 2.
It is well-known that standard numerical methods are unsuitable for singularly perturbed problems and fail to give
accurate solutions. There is a vast literature dealing with numerical methods for convection–diffusion and associated
problems (see [13,20] for a survey). Modeling of physical problems often requires the solution of boundary value
problems with many small parameters, but so far not much is known about robust numerical methods for solving
two-parameter problems in two dimensions. These problems arise in chemical ﬂow reactor theory [15] as well as in
the case of boundary layers controlled by suction (or blowing) of some ﬂuid [22].
Parabolic boundary layers prevent the construction of uniformly convergent numerical methods based on the ﬁtted
operator on a uniform mesh, so we use a layer-adapted mesh to handle boundary layers.
Li [8] considered an elliptic two-parameter problem similar to (1) and analyzed ﬁnite element method with bilinear
elements on a piecewise uniform mesh. The error analysis in [8] is based on the asymptotic expansion from Butuzov
[2] and related estimates for the layer functions and their ﬁrst order derivatives. Therefore, only L2-estimate for the
discretization error is given. The piecewise uniform mesh is constructed with the transition points typical for the
Shishkin-type meshes, but with slightly more points in the boundary layer regions then it is usual for the Shishkin
mesh. The numerical method analyzed in this paper is based on the Galerkin ﬁnite element method with piecewise
bilinear (or linear) trial and test functions on an appropriately chosen Shishkin piecewise uniform mesh. The method is
shown to be uniformly convergent in an energy norm. More precisely, we study uniform convergence in some domain
of values (1, 2) such that all practically relevant cases when 1 and 2 are small belong to that class. The proof is
given for the bilinear case and numerical results are presented for both bilinear and linear elements. Our numerical
results shows that Shishkin mesh with the standard number of the mesh points in the layer regions is sufﬁcient to handle
boundary layers satisfactory. Both mesh construction and error analysis are based on a decomposition of the solution
to the problem (1) developed in Teofanov and Roos [27].
A piecewise uniform Shishkin mesh is used as the basis for our discretization because of its simple structure.
Performances of the Shishkin-type meshes are in general inferior to that of smoother Bakhvalov meshes. However,
although there are some results for certain ﬁnite difference methods on Bakhvalov meshes in 2D (For e.g., [23,28])
even for the standard convection–diffusion problem in 2D, so far, does not exist any convergence result for FEM on
Bakhvalov meshes.We conjecture that on Bakhvalov meshes the logarithmic factor will disappear. Recently, Roos [19]
presented ﬁrst optimal convergence result in an energy norm for linear ﬁnite elements on a Bakhvalov-type mesh for a
1D convection–diffusion problem.
A different type of two-parameter elliptic convection–diffusion equation is considered in Shishkin [24–26] and
O’Riordan et al. [16]. In [24–26] the problem is deﬁned on an unbounded domain and the constructive ﬁnite difference
schemes on bounded resolution subdomains are considered, while [16] considers problem posed on the unit square and
uses upwind difference scheme on a piecewise uniform Shishkin mesh to solve the problem numerically.
Numericalmethods for two-parameter problems inonedimensionwere also recently considered in [7,10,14,17,21,29].
The outline of the paper is as follows. In Section 2 we give a decomposition of the solution to the problem (1) and the
appropriate bounds. In Section 3 we describe the Galerkin FEM and the construction of a Shishkin piecewise uniform
mesh. Section 4 is devoted to the error analysis. Finally, numerical results are presented in Section 5.
Throughout the paper, we shall use C to denote a generic positive constant independent of 1, 2 and of the mesh.
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2. A priori estimates of the continuous problem
The construction of a layer-adapted mesh as well as the analysis of the ﬁnite element method require information
about the behaviour of derivatives of the exact solution.
To describe the exponential layers at x = 0 and x = 1 we use the characteristic equation
−12(x) + 2b(x)(x) + c(x) = 0.
It has two real solutions 0(x)< 0 and 1(x)> 0 which characterize the layers at x = 0 and x = 1, respectively. Let
0 = − max
x∈[0,1] 0(x) and 1 = minx∈[0,1] 1(x), (5)
i.e.,
0 =
−2B +
√
22B
2 + 41
21
, 1 =
2 +
√
22
2 + 41
21
, (6)
where B=maxx∈[0,1] b(x), which is consistent with the ideas developed in [7,17]. Note that (6) is easier for application
then (5), especially in the case b = b(x, y) and c = c(x, y).
In the following theorem we give a decomposition of the solution to (1) into regular and layer components and
corresponding estimates of the components and their derivatives.
Theorem 1 (Teofanov and Roos [27]). Let there be given elliptic problem (1) on the unit square ¯ such that the
functions b, c and f are sufﬁciently smooth on ¯ satisfying conditions (2)–(4), and let p ∈ (0, 1) and k ∈ (0, 12 ) be
arbitrary. Assume that
2‖b′‖∞2k(1 − p). (7)
Furthermore, let 	 be a positive constant satisfying
	2 (1 − p)
2
. (8)
Then the solution u of the boundary value problem (1) can be decomposed as
u = S + E10 + E11 + E20 + E21 + E31 + E32 + E33 + E34, (9)
where for all (x, y) ∈ ¯ and 0 i + j2, the regular part S satisﬁes
∣∣∣∣ 
i+j S
xiyj
∣∣∣∣ C, (10)
the exponential and parabolic layer components satisfy
∣∣∣∣
i+jE10
xiyj
∣∣∣∣ Ci0e−p0x , (11)
∣∣∣∣
i+jE11
xiyj
∣∣∣∣ Ci1e−p1(1−x), (12)
∣∣∣∣
i+jE20
xiyj
∣∣∣∣ C−j/21 e−	y/
√
1
, (13)
∣∣∣∣
i+jE21
xiyj
∣∣∣∣ C−j/21 e−	(1−y)/
√
1
, (14)
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while the corner layer components satisfy the following estimates∣∣∣∣
i+jE31
xiyj
∣∣∣∣ C−j/21 i0e−p0xe−	y/
√
1
, (15)
∣∣∣∣
i+jE32
xiyj
∣∣∣∣ C−j/21 i1e−p1(1−x)e−	y/
√
1
, (16)
∣∣∣∣
i+jE33
xiyj
∣∣∣∣ C−j/21 i1e−p1(1−x)e−	(1−y)/
√
1
, (17)
∣∣∣∣
i+jE34
xiyj
∣∣∣∣ C−j/21 i0e−p0xe−	(1−y)/
√
1
. (18)
3. The Galerkin method on a Shishkin mesh
We denote the L2() norm by ‖ · ‖0 and deﬁne an energy norm ‖ · ‖E by
‖v‖2E := 1‖∇v‖20 + ‖v‖20 for all v ∈ H 1(),
where H 1() is the usual Sobolev space of functions whose ﬁrst-order derivatives belong to L2(). We set V =
H 10 () = {v ∈ H 1() : v| = 0}.
A weak formulation of the problem (1) is: ﬁnd u ∈ V such that
a(u, v) := 1(∇u,∇v) + (2bux + cu, v) = (f, v) for all v ∈ V , (19)
where (·, ·) denotes the usual L2() inner product. Note that for any v ∈ V , with the assumption (4), we have
a(v, v)C1‖v‖2E . (20)
We will discretize the weak form (19) by means of a Galerkin ﬁnite element method on a Shishkin mesh.
Let the number of subintervals for the discretization in both x and y direction be N, and let N be a positive integer
divisible by 4. Based on the decomposition given in Theorem 1, we take p = 12 and introduce a corresponding tensor
product Shishkin mesh.
Along the x-coordinate axis a piecewise uniform mesh N
0,
1 is constructed with three distinct uniform meshes
separated by transition points located at 
0 and 1 − 
1.
Along the y-coordinate axis we construct in the same way a piecewise uniform mesh N
y with transition points
located at 
y and 1 − 
y . Each of the subintervals [0, 
0], [1 − 
1, 1], [0, 
y], [1 − 
y, 1] is divided into N/4 equal
mesh elements, and each of the subintervals [
0, 1 − 
1], [
y, 1 − 
y] is divided into N/2 equal mesh elements (for
N = 8 see Fig. 1). Then the mesh on ¯ is given by tensor product
N = N
0,
1 × N
y , (21)
where 
0, 
1, 
y are deﬁned by

0 = min
{
1
4
,
2
0
lnN
}
, 
1 = min
{
1
4
,
2
1
lnN
}
,

y = min
{
1
4
,

	
√
1 lnN
}
.
In our subsequent analysis we assume

0 = 2
0
lnN 1
4
, 
1 = 2
1
lnN 1
4
, 
y = 
	
√
1 lnN
1
4
, (22)
(such that e−0x/2|x=
0 =N−, for example) which is the typical case for singularly perturbed problems. In fact, when
parameters are small the use of uniform mesh would require extremely small mesh size h, which is computationally
expensive [5,13,20].
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Fig. 1. Shishkin mesh with N = 8 (left); partition of the domain  (right).
The parameter  is typically chosen equal to the formal order of the method (see [12] and references therein).
According to the transition points represented in Fig. 1, the domain ¯ is divided into subdomains C,00,0y,
11,1y,y :
C = [
0, 1 − 
1] × [
y, 1 − 
y],
00 = [0, 
0] × [
y, 1 − 
y],
0y = [0, 
0] × [0, 
y] ∪ [0, 
0] × [1 − 
y, 1],
11 = [1 − 
1, 1] × [
y, 1 − 
y],
1y = [1 − 
1, 1] × [0, 
y] ∪ [1 − 
1, 1] × [1 − 
y, 1],
y = [
0, 1 − 
1] × [0, 
y] ∪ [
0, 1 − 
1] × [1 − 
y, 1].
We denote 0 = 00 ∪ 0y and 1 = 11 ∪ 1y. The small and the large step sizes are given by
hx,0 =
8 lnN
0N
, Hx = 2(1 − 
0 − 
1)
N
, hx,1 =
8 lnN
1N
, (23)
hy = 4
√
1 lnN
N
, Hy = 2(1 − 2
y)
N
. (24)
We take our trial and test space V N to be the set of all piecewise bilinears on this mesh that vanish on . Then the
ﬁnite element approximation uN ∈ V N of the solution to (1) is the solution of the following problem
a(uN, vN) = (f, vN) for all vN ∈ V N .
From (20) we have uN uniquely deﬁned. For our analysis we assume that all integrals can be evaluated exactly.
Our bilinear form satisﬁes Galerkin orthogonality property:
a(u − uN, vN) = 0 for all vN ∈ V N . (25)
In the following ﬁnite element analysis, we use the decomposition (9) and sharp estimates (10)–(18) only for
0 i + j1. We additionally need ‖S‖2C (‖ · ‖2 denote the H 2-norm, where H 2 is the space of functions whose
derivatives up to the second order lie in L2) and the following crude estimates for the second derivatives of the
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layer components
‖xxE10‖0C3/20 , ‖xyE10‖0C1/20 , ‖yyE10‖0C, (26)
‖xxE11‖0C3/21 , ‖xyE11‖0C1/21 , ‖yyE11‖0C, (27)
‖xxE2‖0C, ‖xyE2‖0C−1/41 , ‖yyE2‖0C−3/41 , (28)
‖xxE03‖0C3/20 , ‖xyE03‖0C−1/41 1/20 , ‖yyE03‖0C−3/41 , (29)
‖xxE13‖0C3/21 , ‖xyE13‖0C−1/41 1/21 , ‖yyE13‖0C−3/41 , (30)
where
E2 = E20 + E21, E03 = E31 + E34, E13 = E32 + E33. (31)
Estimates (26)–(30) follow from Theorem 1.
Remark 2. Note that in the proof of convergence in energy norm we need only L2-norm estimates for the second
order derivatives. Thus, it is possible to avoid the corresponding pointwise estimates. This is important if one wants to
cancel the compatibility condition (3) since then the solution of the problem (1) belongs to C1,(¯) for  ∈ (0, 1).
4. Error estimates
4.1. Interpolation error
We start with the interpolation error which is themain ingredient in our analysis.Wewill use the following anisotropic
interpolation estimates from Theorem 3 in [1].
Lemma 3. Let K =[xi, xi+1]×[yj , yj+1] be any mesh rectangle of a Shishkin meshN and assume that v ∈ H 2(K).
Let vI denote the bilinear function that interpolates v at the vertices of K . Then
‖(v − vI )‖0,KC(h2x,K‖vxx‖0,K + hx,Khy,K‖vxy‖0,K + h2y,K‖vyy‖0,K), (32)
‖(v − vI )x‖0,KC(hx,K‖vxx‖0,K + hy,K‖vxy‖0,K), (33)
‖(v − vI )y‖0,KC(hy,K‖vyy‖0,K + hx,K‖vyx‖0,K), (34)
where hx,K = xi+1 − xi and hy,K = yi+1 − yi.
On our orthogonal mesh the anisotropic inverse estimates
‖vx‖20,KCh−2x,K‖v‖20,K for all v ∈ V N , (35)
‖vy‖20,KCh−2y,K‖v‖20,K for all v ∈ V N , (36)
are valid [4].
Lemma 4. Let us assume that solution of the problem (1) allows the decomposition deﬁned in Theorem 1 with
(10)–(18) for 0 i + j1, ‖S‖2C and estimates (26)–(30). Let uI denote the piecewise bilinear function that
interpolates u at the mesh nodes of a Shishkin mesh (21) with (22). If 2 then for the problem (1) the interpolation
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error satisﬁes
‖u − uI‖0,C CN−2,
‖u − uI‖0,0C−1/20 N−2 ln2 N ,
‖u − uI‖0,1C−1/21 N−2 ln2 N ,
‖u − uI‖0,y C1/41 N−2 ln2 N .
Proof. The starting point of the proof is the decomposition (9). We introduce corresponding splitting uI =SI +EI10 +
EI11 + EI2 + (E03)I + (E13)I , where the notation given by (31) is used. Let us denote
S := S − SI , 10 := E10 − EI10, 11 := E11 − EI11, 2 := E2 − EI2 ,
30 := E03 − (E03)I , 31 := E13 − (E13)I , 3 := 30 + 31,
 := S + 10 + 11 + 2 + 3.
We begin with the estimation of ‖‖0,C . For the regular part S , using (32), (23), (24) and ‖S‖2C we obtain
‖S‖0,C C(H 2x ‖Sxx‖0,C + HxHy‖Sxy‖0,C + H 2y ‖Syy‖0,C )CN−2.
For the layer component 10, the estimate is obtained using (11)
‖10‖0,C ‖E10‖0,C + ‖EI10‖0,C
(‖E10‖∞,C + ‖EI10‖∞,C )
√
meas(C)
2‖E10‖∞,C Ce−p
00CN−2, (37)
for a suitably chosen . In the same manner we estimate other layer components.
On 0, we have corresponding mesh sizes (23), (24) and
√
meas(0)=√
0. Using (32) and ‖S‖2C we estimate
the regular term S :
‖S‖0,0CN−2
√

0C−1/20 N−2ln1/2N .
Layer component 10 is estimated by using (32) and (26):
‖10‖0,0C(−1/20 N−2ln2N + N−2)
√

0C−1/20 N−2ln2N .
We estimate 2 and 3 separately on 00 and 0y. On 0y we use (32), (28), (29) and (22). Therefore, we get
‖2‖0,0y C(1/41 N−2 + 1/41 N−2ln2N)
√

0C−1/20 N−2ln2N ,
‖30‖0,0y C(−1/20 N−2ln2N + 1/41 N−2ln2N)
√

0C−1/20 N−2ln2N .
Further, we use arguments as in (37) to obtain
‖31‖0,0y C‖E31‖∞,\1
√

0C−1/20 N−2ln1/2N ,
‖2‖0,00Ce−
y	/
√
1√
0C−1/20 N−2ln1/2N ,
‖3‖0,00C‖E(0)3 + E31‖∞,00
√

0C−1/20 N−2ln1/2N .
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For 11 we use similar arguments. Thus
‖11‖0,0C max\1 e
−p1(1−x)√
0C−1/20 N−2ln1/2N .
Collecting the above estimates, we obtain
‖u − uI‖0,0C−1/20 N−2ln2N .
Estimates on 1 are obtained using analogous arguments.
On the subdomain y we have
√
meas(y)
√
2
y . For the estimation of the regular component S and parabolic
layer component 2 we use anisotropic interpolation estimate (32). Thus we obtain
‖S‖0,y C(N−2 + 1/21 N−2 lnN + 1N−2ln2N)
√

yC1/41 N−2ln2N ,
‖2‖0,y C(N−2 + 1/41 N−2ln2N)
√

yC1/41 N−2ln2N .
Estimates for 10, 11 and 3 can be obtained using the same arguments as in (37). For example
‖10‖0,y C‖E10‖∞,y√
yC1/41 N−2ln1/2N .
Collecting all estimates together, we obtain
‖u − uI‖0,y C1/41 N−2ln2N ,
and ﬁnish the proof. 
Lemma 5. Let the assumptions of Lemma 4 hold true. Then the gradient of the interpolation error can be estimated by
1/21 ‖∇(u − uI )‖0,C C(1/21 N−1 + (11)1/2N−2), (38)
1/21 ‖∇(u − uI )‖0,0C−1/20 N−1 lnN , (39)
1/21 ‖∇(u − uI )‖0,1C(11)1/2N−1 lnN , (40)
1/21 ‖∇(u − uI )‖0,y C1/41 N−1 lnN (41)
and
1/21 ‖∇(u − uI )‖0C(2 + 1/21 )1/2N−1 lnN . (42)
Proof. We use decomposition (9) from Theorem 1 and the notation introduced in Lemma 4.
Since Sxx, Sxy and Syy are 1,2-uniformly bounded and hx,K, hy,KCN−1, for the regular part of the interpolation
error, using Lemma 3 we obtain
‖xS‖0,C
∑
K⊆N
(hx,K‖Sxx‖0,K + hy,K‖Sxy‖0,K)CN−1,
‖yS‖0,C
∑
K⊆N
(hy,K‖Syy‖0,K + hx,K‖Syx‖0,K)CN−1.
In the sequel it is sufﬁcient to consider only the layer components 10, 11, 2 and 3 of the interpolation error. Since
the analysis of these components relies on similar arguments, we present some typical cases only.
On C we use estimates for the ﬁrst derivatives (Theorem 1) and inverse estimates (35) and (36). For instance
‖x10‖0,C ‖xE10‖0,C + CN‖E10‖∞,C C(1/20 N−2 + N−1). (43)
382 Lj. Teofanov, H.-G. Roos / Journal of Computational and Applied Mathematics 212 (2008) 374–389
Using similar arguments we obtain ‖y10‖0,C CN−1 and
‖x11‖0,C C(1/21 N−2 + N−1),
‖y11‖0,C CN−1,
‖x2‖0,C CN−1,
‖y2‖0,C C(−1/41 N−2 + N−1),
‖x3‖0,C C((1/20 + 1/21 )1/41 N−4 + N−3),
‖y3‖0,C C((−1/20 + −1/21 )−1/41 N−4 + N−3).
Collecting all these estimates, multiplying by 1/21 , using 01 and having in mind that 
−1
0 and 11 are both of
order O(2 + 1/21 ), we obtain (38).
For ∇10 on 0 and ∇30 on 0y we use anisotropic estimates (33), (34) together with the crude estimates for the
second derivatives (26) and (29) to obtain
‖x10‖0,0C1/20 N−1 lnN, ‖y10‖0,0C−1/20 N−1 lnN ,
‖x30‖0,0y C1/20 N−1 lnN, ‖y30‖0,0y C−1/21 −1/20 N−1 lnN .
For the other components of the interpolation error, we use anisotropic inverse estimates (35), (36) and√
meas(0) = √
0 :
‖x11‖0,0‖xE11‖0,\1 + C0N‖E11‖∞,\1
√

0C1/21 N−1,
‖y11‖0,0C−1/20 N−1,
‖x2‖0,0C1/20 N−1,
‖x31‖0,0y C(1/41 1/21 N−2 + 1/20 N−1),
‖y31‖0,0y C−1/21 −1/20 N−1,
‖x3‖0,00C(1/41 (1/20 + 1/21 )N−2 + 1/20 N−1),
‖y3‖0,00C(−1/41 (−1/20 + −1/21 )N−2 + −1/20 N−1ln1/2N).
The component y2 must be treated separately on subdomains 00 and 0y . Using anisotropic inverse estimate (36),
we obtain
‖y2‖0,00C−1/20 (N−1 + −1/21 N−2) ln1/2 N ,
‖y2‖0,0y C−1/21 −1/20 (N−2 ln1/2 N + N−1)
and those estimates together result in
‖y2‖0,0C−1/21 −1/20 N−1ln1/2N .
Collecting all the estimates on 0, multiplying by 1/21 , using 01, having in mind that 
−1
0 and 11 are of same
order we obtain (39).
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Estimates on 1 are obtained using analogous arguments. For ∇11 on 1 and ∇31 on 1y we use anisotropic
estimates together with (27) and (30) to obtain
‖x11‖0,1C1/21 N−1 lnN, ‖y11‖0,1C−1/21 N−1 lnN ,
‖x31‖0,1y C1/21 N−1 lnN, ‖y31‖0,1y C−1/21 −1/21 N−1 lnN .
Estimates for the other components of the interpolation error are obtained using inverse estimates, as in (43)
‖x10‖0,1C1/21 N−1,
‖y10‖0,1C−1/20 N−1,
‖x2‖0,1C1/20 N−1ln1/2N ,
‖x30‖0,1y C(1/41 1/20 N−2 + −1/21 N−1),
‖y30‖0,1y C(−1/41 −1/20 N−2 + −1/21 −1/21 N−1),
‖x3‖0,11C(1/41 (1/20 + 1/21 )N−2 + 1/21 N−1),
‖y3‖0,11C(−1/41 (−1/20 + −1/21 )N−2 + −1/20 N−1ln1/2N).
Using inverse estimates again and treating separately the component y2 on 11 and 1y, we obtain
‖y2‖0,11C−1/21 (N−1 + −1/21 N−2) ln1/2 N ,
‖y2‖0,1y C−1/21 −1/21 (N−2ln1/2N + N−1),
which together give
‖y2‖0,1C−1/21 −1/21 N−1ln1/2N .
Multiplying the above estimates by 1/21 and using 01 we obtain (40).
It remains to prove estimates on y . In order to estimate ∇2, we use anisotropic estimates and (28) to obtain
‖x2‖0,y C1/41 N−1 lnN and ‖y2‖0,y C−1/41 N−1 lnN .
Other components of the interpolation error are estimated using inverse estimates as in (43)
‖x10‖0,y C(1/20 N−2 + N−1)1/41 ln1/2N ,
‖x11‖0,y C(1/21 N−2 + N−1)1/41 N−1ln1/2N ,
‖y10‖0,y C−1/41 N−1ln1/2N ,
‖y11‖0,y C−1/41 N−1ln1/2N ,
‖x3‖0,y C1/41 ((1/20 + 1/21 )N−2 + N−1ln1/2N),
‖y3‖0,y C−1/41 N−1.
These estimates on y together, multiplied by 1/21 give (41). Collecting all the estimates on the subdomains and using
that −10 and 11 are small and of order O(2 + 1/21 ), we obtain (42). 
Combining Lemmas 4 and 5 we conclude the following estimate for the interpolation error in the energy norm
‖u − uI‖EC(N−2 + (2 + 1/21 )1/2N−1 lnN). (44)
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4.2. Discretization error
In this section we give the estimates for the discretization error u − uN . We introduce the following notation
 := uI − uN .
Lemma 6. Let the assumptions of Lemma 4 hold true. If we additionally assume 1/21 ln2 NC, then we have
‖uI − uN‖E(N−2 + (2 + 1/21 )1/2N−1 lnN). (45)
Proof. Applying ellipticity (20) of the bilinear form a(·, ·) and the Galerkin orthogonality (25) to , we obtain
C1‖‖2Ea(, ) = −a(u − uI , ).
Using the integration by parts of the convection term, we transform the bilinear form a(·, ·) and obtain
C1‖‖2E − 1(∇(u − uI ),∇) + 2(b(u − uI ), x) + (c˜(u − uI ), ), (46)
where c˜ = 2b′ − c. The diffusion and reaction parts can be simply estimated by the Cauchy–Schwarz inequality:
| − 1(∇(u − uI ),∇) + (c˜(u − uI ), )|
1‖∇(u − uI )‖0‖∇‖0 + ‖c˜‖∞,‖u − uI‖0‖‖0
 max(1, ‖c˜‖∞,)‖u − uI‖E‖‖E . (47)
Now we have to estimate the convective part. Applying the Cauchy–Schwarz and inverse inequality (35) together with
Lemma 4, on C we obtain
|2(b(u − uI ), x)|C C2‖u − uI‖0,C‖x‖0,C
C2N−2H−1x ‖‖0,C C2N−1‖‖E . (48)
Since 02C, the same arguments on 0 yields
|2(b(u − uI ), x)|0C2‖u − uI‖0,0(hx,0)−1‖‖0,0
C2−1/20 (N−1 lnN)20
N
lnN
‖‖0,0
C−1/20 N−1 lnN‖‖E . (49)
Since we have 2/(11)1/2C
1/2
2 , on 1 we apply the Cauchy–Schwarz inequality:
|2(b(u − uI ), x)|1C2‖u − uI‖0,1‖x‖0,1
C2−1/21 (N−1 lnN)2
√
1√
1
‖x‖0,1
C1/22 (N−1 lnN)2‖‖E . (50)
To obtain estimate on y we apply the inverse inequality and the assumption 1/21 ln2NC:
|2(b(u − uI ), x)|y C2‖u − uI‖0,y‖x‖0,y
C21/41 (N−1 lnN)2H−1x ‖‖0,y
C21/41 N−1ln2N‖‖0,y
C2N−1 lnN‖‖E . (51)
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We collect (46)–(51) to get
‖‖EC(‖u − uI‖E + 2N−1 + −1/20 N−1 lnN + 1/22 (N−1 lnN)2 + 2N−1 lnN). (52)
Since −10 = O(2 +
√
1), Lemmas 4 and 5 together with (52) result in
‖uI − uN‖EC(N−2 + (2 + 1/21 )1/2N−1 lnN). 
Remark 7. Note that conditions 2C (7) and 1/21 ln2NC are not essential restriction in practice.
Collecting Lemmas 4–6 we are now in the position to state the main error estimate.
Theorem 8. Let the assumptions of Lemma 4 be satisﬁed and let uN be the Galerkin approximation of the solution of
the problem (1) using a piecewise bilinear trial space on a Shishkin mesh (21). Then we have
‖u − uN‖EC(N−2 + (2 + 1/21 )1/2N−1 lnN).
Remark 9. The above result for bilinear elements holds true for the linear elements as well, since the ingredients used
in the proofs are valid in both cases.
5. Numerical results
In this section we verify experimentally the theoretical results obtained in Section 4. Errors and convergence rates in
both discrete maximum and discrete energy norm for bilinear and linear elements are presented for our test problem.
The measurement of the error in the maximum norm allows the comparison of our results with the results of other
papers working with ﬁnite difference methods.
All calculations were carried out using MATLAB. The discrete problems were solved using biCGstab MATLAB
routine.
Our test problem is given by
− 1u + 2(3 − x)ux + u = f (x, y) in ,
u = 0 on ,
where the right-hand side is chosen in such a way that
u(x, y) = 14 (1 − e−2k1x/(21))(1 − e−2k2(1−x)/(21))(1 − e−y/
√
1)(1 − e−(1−y)/√1),
is the exact solution and k1,2 = ∓1 +
√
1 + 161/22. The solution u admits the typical boundary layer behavior.
For the mesh parameter determining the transition points we choose =2. For our test problem 	= 12 and conditions(4), (7) and (8) are satisﬁed for all tested values of 2.
All integrals are calculated using 3 × 3 Gauss–Legendre quadrature formulae. For the calculation of the error in the
energy norm, we use a discrete version of the energy norm where the gradient of the numerical solution is replaced by
its piecewise constant approximation.
Since the exact solution is known, we can measure accurately the solution errors. The number of mesh points is N2.
Our computational facility limits the number of mesh points to maximum 65 536.
In Tables 1 and 2 the maximum errors for ﬁxed 2 = 10−3 and 1 = 10−1, . . . , 10−13 and convergence rates for the
bilinear elements on the Shishkin mesh (21) are calculated:
EN1,2 = ‖u − uN‖∞,N , PN1,2 = log2
EN1,2
E2N1,2
. (53)
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Table 1
EN1,2 for bilinear elements, 2 = 10−3
1\N 8 16 32 64 128 256
10−1 1.584e − 3 3.899e − 4 9.710e − 5 2.425e − 5 6.062e − 6 1.515e − 6
10−2 1.201e − 2 2.532e − 3 6.104e − 4 1.513e − 4 3.775e − 5 9.432e − 6
10−3 8.314e − 2 3.163e − 2 7.030e − 3 1.560e − 3 3.894e − 4 9.683e − 5
10−4 8.715e − 2 5.461e − 2 2.443e − 2 7.748e − 3 2.396e − 3 7.551e − 4
10−5 9.522e − 2 5.904e − 2 2.596e − 2 8.010e − 3 2.508e − 3 7.972e − 4
10−6 1.278e − 1 7.077e − 2 2.970e − 2 9.056e − 3 2.873e − 3 9.077e − 4
10−7 1.779e − 1 8.033e − 2 3.318e − 2 1.037e − 2 3.228e − 3 1.026e − 3
10−8 1.927e − 1 8.219e − 2 2.643e − 2 9.424e − 3 2.873e − 3 9.318e − 4
10−9 1.945e − 1 8.240e − 2 3.324e − 2 1.040e − 2 3.234e − 3 1.028e − 3
10−10 1.946e − 1 8.242e − 2 3.325e − 2 1.040e − 2 3.235e − 3 1.029e − 3
10−11 1.947e − 1 8.242e − 2 3.325e − 2 1.040e − 2 3.235e − 3 1.029e − 3
10−12 1.947e − 1 8.242e − 2 3.325e − 2 1.040e − 2 3.235e − 3 1.029e − 3
10−13 1.947e − 1 8.242e − 2 3.325e − 2 1.040e − 2 3.235e − 3 1.029e − 3
Table 2
PN1,2 for bilinear elements, 2 = 10−3
1\N 8 16 32 64 128
10−1 2.022 2.005 2.001 2.000 2.000
10−2 2.245 2.052 2.012 2.003 2.001
10−3 1.394 2.170 2.172 2.002 2.008
10−4 0.674 1.161 1.656 1.693 1.666
10−5 0.690 1.185 1.697 1.675 1.654
10−6 0.852 1.253 1.713 1.656 1.662
10−7 1.147 1.301 1.681 1.680 1.654
10−8 1.229 1.309 1.677 1.684 1.653
10−9 1.239 1.310 1.677 1.685 1.653
10−10 1.240 1.310 1.677 1.685 1.653
10−11 1.240 1.310 1.677 1.685 1.653
10−12 1.240 1.310 1.677 1.685 1.653
10−13 1.240 1.310 1.677 1.685 1.653
Tables 3 and 4 display the errors in the energy norm and convergence rates for the bilinear elements for ﬁxed 2=10−3
and 1 = 10−1, . . . , 10−15
eN1,2 = ‖u − uN‖E,N , pN1,2 = log2
eN1,2
e2N1,2
.
In Table 5 the (1, 2)-uniform maximum errors, errors in the energy norm and the corresponding convergence rates
are computed for bilinear (with the subscript b) and linear (with the subscript l) elements:
EN = max
1,2
EN1,2 , P
N = log2
EN
E2N
, 1, 2 = 10−1, . . . , 10−10,
eN = max
1,2
eN1,2 , p
N = log2
eN
e2N
, 1, 2 = 10−1, . . . , 10−10.
The mesh with triangles is obtained from (21) by drawing diagonals which run from (xi, yj+1) to (xi+1, yj ).
Tables 1–5 clearly show the uniform convergence in both energy and maximum norm, although we do not have
theoretical justiﬁcation for the convergence result in maximum norm.
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Table 3
eN1,2 for bilinear elements, 2 = 10−3
1\N 8 16 32 64 128 256
10−1 1.211e − 2 6.042e − 3 3.019e − 3 1.509e − 3 7.546e − 4 3.773e − 4
10−2 3.334e − 2 1.681e − 2 8.422e − 3 4.213e − 3 2.107e − 3 1.053e − 3
10−3 5.340e − 2 3.262e − 2 1.683e − 2 8.475e − 3 4.245e − 3 2.123e − 3
10−4 3.204e − 2 2.269e − 2 1.467e − 2 8.930e − 3 5.236e − 3 2.972e − 3
10−5 1.871e − 2 1.318e − 2 8.466e − 3 5.124e − 3 2.996e − 3 1.713e − 3
10−6 1.251e − 2 8.705e − 3 5.496e − 3 3.271e − 3 1.894e − 3 1.078e − 3
10−7 1.084e − 2 7.344e − 3 4.563e − 3 2.673e − 3 1.533e − 3 8.691e − 4
10−8 1.044e − 2 6.999e − 3 4.328e − 3 2.522e − 3 1.441e − 3 8.159e − 4
10−9 1.032e − 2 6.902e − 3 4.262e − 3 2.481e − 3 1.416e − 3 8.014e − 4
10−10 1.028e − 2 6.872e − 3 4.243e − 3 2.468e − 3 1.409e − 3 7.971e − 4
10−11 1.027e − 2 6.863e − 3 4.237e − 3 2.464e − 3 1.406e − 3 7.958e − 4
10−12 1.026e − 2 6.860e − 3 4.235e − 3 2.463e − 3 1.406e − 3 7.953e − 4
10−13 1.026e − 2 6.859e − 3 4.234e − 3 2.463e − 3 1.405e − 3 7.952e − 4
10−14 1.026e − 2 6.859e − 3 4.234e − 3 2.463e − 3 1.405e − 3 7.952e − 4
10−15 1.026e − 2 6.859e − 3 4.233e − 3 2.462e − 3 1.405e − 3 7.951e − 4
Table 4
pN1,2 for bilinear elements, 2 = 10−3
1\N 8 16 32 64 128
10−1 1.003 1.001 1.000 1.000 1.000
10−2 0.988 0.997 0.999 1.000 1.000
10−3 0.711 0.954 0.900 0.998 0.999
10−4 0.498 0.629 0.717 0.770 0.817
10−5 0.505 0.639 0.724 0.774 0.807
10−6 0.524 0.664 0.749 0.789 0.813
10−7 0.562 0.687 0.771 0.803 0.819
10−8 0.578 0.694 0.779 0.807 0.821
10−9 0.580 0.695 0.781 0.809 0.821
10−10 0.581 0.696 0.782 0.809 0.822
10−11 0.581 0.696 0.782 0.809 0.822
10−12 0.581 0.696 0.782 0.809 0.822
10−13 0.581 0.696 0.782 0.809 0.822
10−14 0.581 0.696 0.782 0.809 0.822
10−15 0.581 0.696 0.782 0.809 0.822
Table 5
EN, eN , PN and pN for bilinear and linear elements, 1, 2 = 10−1, . . . , 10−10
N ENb P
N
b e
N
b p
N
b E
N
l P
N
l e
N
l p
N
l
8 1.946e − 1 1.240 6.649e − 2 0.360 3.188e − 1 1.347 7.132e − 2 0.438
16 8.242e − 2 1.310 5.181e − 2 0.554 1.253e − 1 0.874 5.263e − 2 0.543
32 3.325e − 2 1.677 3.528e − 2 0.666 6.839e − 2 1.130 3.613e − 2 0.665
64 1.040e − 2 1.685 2.224e − 2 0.749 3.125e − 2 1.096 2.279e − 2 0.749
128 3.235e − 3 1.653 1.323e − 2 0.797 1.462e − 2 0.990 1.356e − 2 0.797
256 1.029e − 3 – 7.613e − 3 – 7.362e − 3 – 7.803e − 3 –
Comparing results in both norms, we conjecture that convergent rates are better in maximum norm. Comparing the
results obtained by bilinear and linear Galerkin FEM, we see that bilinear elements yield a better convergence behavior
in maximum norm. The numerical results in energy norm for both bilinear and linear elements clearly conﬁrms the
predicted theoretical estimate—Theorem 8 and Remark 9 (Figs. 2, 3).
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Fig. 2. Solution (left) and error (right) computed on 8 × 8 Shishkin mesh by bilinear Galerkin FEM, 1 = 10−3, 2 = 10−1.
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Fig. 3. Solution (left) and error (right) computed on 8 × 8 Shishkin mesh by linear Galerkin FEM, 1 = 10−3, 2 = 10−1.
It is well-known that some superconvergence results for bilinear elements [6,9,30] hold true even for singularly
perturbed problems when Shishkin mesh is used. For the given two-parameter problem this is a subject of forthcoming
paper.
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